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& Learning Intentions for Complex Numbers N

Knowledge Objectives (what you must know):

e Define the imaginary unit ¢ and complex numbers in Cartesian form z = a + bi

o Compute modulus |z|, argument arg z, complex conjugate z*, and use them in algebraic
operations

o Convert between Cartesian, modulus-argument (polar / cis) and Euler (exponential)
forms

e Apply De Moivre’s theorem for powers and roots of complex numbers

e Use Argand diagrams to represent complex numbers geometrically

¢ Recognise complex conjugate pairs as roots of polynomial equations with real coeflicients

Skill Objectives (what you must be able to do):

o Add, subtract, multiply and divide complex numbers in Cartesian form (using conjugates
for division)

e Sketch and interpret Argand diagrams, including loci, transformations and rotations

e Solve polynomial equations whose roots are complex, and factorise using complex conju-
gate pairs

e Find nth roots of complex numbers and represent them on the Argand plane

o Prove statements about complex numbers using mathematical induction and Euler’s iden-
tity

Understanding Objectives (the deeper why):

o Explain why complex conjugate pairs must appear in real-coefficient polynomials

o Justify De Moivre’s theorem via induction and via Euler’s form

o Connect Argand diagram transformations (rotation, scaling, reflection) to multiplication
by complex numbers

« Appreciate how Euler’s identity e!™ + 1 = 0 links five fundamental constants

Exam Weight and Position:

o Paper 1 (non-calculator): typically 1-2 short questions, 4-8 marks

o Paper 2 (calculator): typically 1 long question, 6-14 marks

o Combined: approximately 6%-10% of total marks

J

& Cross-Chapter Knowledge Map (Overview) ~

o Section 1 (Algebra / Number): Number systems N C Z C Q C R c C. (Topic 1.1)

o Section 2 (Functions): Polynomial functions and roots. (Topic 2.4-2.5)

 Section 4 (Vectors): Argand diagram is essentially R?; operations parallel vector addi-
tion/subtraction. (Topic 4.1)

o Section 5 (Trigonometry): De Moivre’s theorem links powers to angle multiplication.
(Topic 5.2, 5.4)

+ Section 5 (Calculus): ¢ = cosf + isin bridges exponential and trig. (Topic 5.4)

o Section 6 (Proof): Mathematical induction is the standard proof of De Moivre’s theo-
rem. (Topic 6.3)

- J
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1 Chapter 1: Cartesian Form — The Basics of Complex Numbers

1.1 Chapter Mind Map

Cartesian

Form

1.2 Chapter Overview

& What This Chapter Covers ~N

Core content:

« Imaginary unit: 2 = —1, i =+/—1

e Cartesian form: z = a + bi with a,b € R

» Real and imaginary parts: Re(z) = a, Im(z) = b

e Operations: addition, subtraction, multiplication, division
e« Complex conjugate: z* =a — bi

e Special numbers: powers of 7, purely real and purely imaginary numbers
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Exam focus and difficulty:

o Typical Paper 1 marks: 1-3 marks (Section A: short computational questions)

o Typical Paper 2 marks: 2—5 marks (initial parts of long questions)

o Difficulty: Easy (foundational definitions and routine algebra)

Why this matters in the exam: Every complex number question — whether the form
is polar, Euler or polynomial — eventually requires manipulation in Cartesian form. Errors
here cascade through every subsequent step. About 15%-20% of all complex numbers marks
test pure Cartesian form fluency.

- J

& Cross-Chapter Knowledge Connections ~

Within IB AA HL:

o Section 1.1 (Number & Algebra): The extension R — C mirrors the earlier pattern
Q—R.

o Section 1.6 (Algebra / Proof): Mathematical induction reappears in De Moivre’s
proof (Chapter 6).

o Chapter 5 of this topic (Complex Roots of Polynomials): Conjugate pairs are the
gateway to solving real-coefficient polynomials with non-real roots.

o Topic 4 (Vectors): z < (a,b) is the standard identification; addition here parallels
vector addition in R2.

- J

1.3 Core Definitions and Formulas
B The Imaginary Unit i ~

Consequences:

Periodicity: i"t* = i" for all n € Z. Equivalently i" depends only on n mod 4.

A Common Pitfall: \/a,_ — \/E\/E only when a,b > 0

For example, /=9 = v/9-/—1 = 3i, but \/(—9)(—4) = V36 =6 # /—9-v/—4 = 3i-2i = —6.

This is why always express /—k as vk i with k > 0 before further manipulation.

E Cartesian Form of a Complex Number x* N

A complex number z is Cartesian form when written as

|z:a+bz’, a,b€R|

Real part: Re(z) =a
Imaginary part: Im(z) = b (note: does not include 7)

The complex plane C is the set of all complex numbers. It contains R as the subset with

\b:0. )
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H Operations on Cartesian Form *

Addition and Subtraction: combine real and imaginary parts separately.
(a+bi)£(c+di)=(atc)+(bxd)i
Multiplication by a real scalar:
k(a 4+ bi) = ka + kbi
Multiplication of two complex numbers:
(a + bi)(c+di) = (ac — bd) + (ad + bc)i (using i* = —1)
Division (use the complex conjugate of the denominator):

a+bi  (a+0bi)(c—di) (ac+bd)+ (bc— ad)i

ct+di  (c+di)(c— di) c? + d?

= (provided ¢® + d* # 0)

\
=] Complex Conjugate x*

For z = a + bi, the complex conjugate of z is

Important properties (used repeatedly in the exam):

z4+2z"=2a €R
z — 2" =2bi (purely imaginary)

z 28 =a?+ b =22 eRT

(") =2
(21 +22)* = 21 + 25
(z122)" = 21 - 23

P Why 2. 2* =a® + b? is always real and non-negative

z- 2" = (a+bi)(a — bi) = a® — abi + abi — b*i* = a®> — b*(—1) = a® + b*

Since a,b € R, we have a? + b? > 0, with equality only when z = 0. This is the foundation of

z
complex division: multiplying by 7 replaces the denominator with ||, a real number.

J3 Memory Aid: “CCPR” — Conjugate Creates Positive Real

22" =ad’>+b> >0

C onjugate C reates P ositive R eal — and that is exactly what allows complex division

to produce a real denominator. Forget the proof; remember the result.
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%" Visualisation: Real and Imaginary Axes ~

The complex conjugate reflects the point across the real axis (horizontal flip).

1.4 Worked Examples

® Worked Example 1.1: Solving Quadratic Equations Using i #

[Source: 2021 May/June TZ1 P1 Q4(a) [3 marks]]
Solve the equation 22 + 4z + 5 = 0, giving your answers in Cartesian form.

[Formulas used: 77]

_ b2 _
T = b+ 22 4ac7 V=k=+Vkifor k>0

P Step-by-Step Solution: N

[Analysis: We have a quadratic with negative discriminant A =16 —20 = —4 < 0.
Standard technique: compute via the formula, then rewrite /—4 as 2i.]
Step 1: Apply the quadratic formula with a =1, b =4, ¢ = 5.

—-4+v16-20 —4++/-4
xr = =
2 2

(M1)
Step 2: Convert the square root of a negative number:
V=A=V4.v/1=2i (A1)

Step 3: Substitute back and simplify:

—4+2
2

x= =244 (A1)
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rT=-241 or rx=-2—1

Answer variants: Some students prefer writing x = —2 4 ¢, which is also acceptable and
equivalent.

B Exam Technique: Solving az? + bz 4+ ¢ =0 with A < 0

b+ VA
2a

1. Apply the quadratic formula to get x = where A = b? — 4ac.

2. If A < 0, rewrite VA = \/]A] - i.

b  /]A
3. Separate into — =+ 14|

a a
[Exam Tip: Common error: forgetting to halve the imaginary part. Watch out:

442
- ! gives 2+, not —2+ 2i.]
\_ )

i and present as p + i form.

® Worked Example 1.2: Multiplication in Cartesian Form

[Source: 2018 May/June TZ1 P1 Q3 [2 marks]]
Given z1 =3+ 47 and zo = 2 — 7, find 2122 in the form a + bi.

[Formula: 77]
(a+bi)(c+ di) = (ac — bd) + (ad + bc)i

P Step-by-Step Solution: N

[Analysis: Multiplication of two complex numbers is like FOIL on two binomials.
The key step is to replace i> with —1.]
Step 1: Expand the brackets (FOIL):

2120 = (3)(2) + (3)(—i) + (44)(2) + (44)(—i) = 6 — 3i + 8i — 44> (M1)
Step 2: Replace i2 = —1:
=6—-3i+8 —4(—-1)=6+5i+4 (A1)
Step 3: Collect real and imaginary parts:

—1045 (A1)

2129 = 10+ 57

B Exam Technique: Three-line method

1. Expand using FOIL (or (a + bi)(c + di) = (ac — bd) + (ad + bc)i).

2. Substitute i? = —1.

3. Regroup so that all real terms are together and all imaginary terms are together.

[Exam Tip: The pattern (ac—bd)+ (ad+bec)i is the fastest way — use it as a sanity
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L check after FOIL.] J

® Worked Example 1.3: Division by Complex Conjugate W

[Source: 2019 May/June TZ2 P1 Q2 [3 marks]]

Find 5;:? in the form a + bi where a,b € Q.
[Formula: 7]

a+bi  (a+bi)(c—di) (ac+bd)+ (bc— ad)i

c+di  (c+di)(c—di) 2+ d?

P Step-by-Step Solution: N

[Analysis: The denominator 2 —i is not real; we multiply by its conjugate 2+ i to
make the denominator real.]
Step 1: Multiply numerator and denominator by the conjugate 2 + i:

54+3i 240 (5+30)(2+1)
2—i 2+i  (2-9)(2+10) (M1)

Step 2: Compute the numerator using FOIL:
(5+30)(2+i) =10+5i +6i + 32 =10+ 11i +3(—1) =7+ 115 (A1)
Step 3: Compute the denominator using difference of squares:
(2—-i)24i)=4—i*>=4+1=5 (A1)
Step 4: Divide and present in Cartesian form:

7411 7 11
T !
5 sT50 (A

AN \

5+3 7 11,

=_-+—1

2—1 5 5

1
Answer variant: Some students prefer the fraction 3(7 + 117). Both are acceptable.

. J

B Exam Technique: Complex Division (4-step recipe)

1. Write oth

2. Multipfy toIZ) and bottom by the conjugate ¢ — di.

3. Numerator: FOIL then 72 = —1. Denominator: (c+ di)(c — di) = ¢ + d°.

4. Separate numerator into real and imaginary parts, then divide each by ¢? + d?.

[Exam Tip: Tip: (c+ di)(c— di) = ¢ + d?, never (c+di)(c — di) = ¢ — d*! This is the
most common mistake.]

as a fraction.

J




IB AA HL Mathematics Complex Numbers

© Worked Example 1.4: Higher Powers of i ¥

[Source: 2017 May/June TZ1 P1 Q2 [2 marks]]
Find the value of il7 4 4%5.

[Key identity: 77]

S mod 4 . iO — 1’ 1 -2 _1, -3

P Step-by-Step Solution:

[Analysis: Use the cyclic pattern i = 1 to reduce any power modulo 4.]
Step 1: Reduce the exponents modulo 4.

17T=4x4+1 = "=@H il=1.i=i (M)

2B=4x6+1 = P =N.il=i (A1)
Step 2: Add the two results:

i+i=2 (A1)

-
l i 4% = 2i

B Exam Technique: Reducing "

1. Divide n by 4: write n = 4q + r with r € {0, 1,2, 3}.

2. Use i" = 1", looking up r in the table {(0+— 1), (1 + 3),(2 — —1),(3 — —i)}.

[Exam Tip: Memorise the cycle 1 - i - -1 - —i — 1 — .... Alternatively,
remember i* = 1.]

)

1.5 Chapter Exercises

© Tier A — Basic (Foundation Drill) N

A.1. Solve 22 + 9 = 0, giving answers in Cartesian form. [1 mark]

A.2. Solve (x — 2)? = —25, giving answers in Cartesian form. [2 marks]

A.3. Find the values of z and y if 3z 4+ 2yi = 6 — 4. [2 marks]

A.4. Compute (4 + 37)(2 — 5¢) and give the answer in Cartesian form. [2 marks]
54 4

A.5. Compute - + 21, in the form a + bi. [3 marks]
—2i

A.6. Simplify 33 + 4L, [2 marks]

- J

© Tier B — Enhancement (Cross-Topic & Deeper Reasoning)

B.1. If z = 2 — 54, find:

(a) z 4 2*

(b) z—2*

(c) z-2*
Comment on the nature of each answer. [4 marks]
B.2. Find the values of z and y if (z + 37)(1 — yi) = 11 — 7. [3 marks]
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1
B.3. Express — in the form a + bi when z = 4 — 3i. Hence state the modulus of z. [3 marks]
z

© Tier C — Sprint (Real Past-Paper Practice) <

C.1. [Source: 2020 May/June TZ1 P1 Ql1(a) [2 marks]] Solve 22462413 =0 for z € C,
giving answers in Cartesian form. [2 marks]
C.2. [Source: 2022 May/June TZ1 P1 Q2 [3 marks]] Given z = %, write z in the form
7
a + bi where a,b € Q. [3 marks]
C.3. [Source: 2023 May/June TZ2 P1 Q3 [2 marks]] Find the value of 2023 4 2024 4 2025 [2
marks]
- J

1.6 Solutions to Chapter Exercises

Tier A — solutions:

Al. 22 = 9= 1 =+3i.

A2, x —2=4b5i=x =245

A3. Equate real and imaginary parts: x =2, y = —2.

A4. (44 3i)(2 — 5i) = 8 — 200 + 6i — 1552 = 8 — 14i + 15 = 23 — 14i.

344i 142 3+4+6i+4i+82% —5+10i oy
. = = = — 7.
1—2 1+2i 1+4 5

A5.

A6. i3 =i (33 = 468+1), %! =4 (41 = 4G10+1). Sum = 2i.
Tier B — solutions:
Bl.(a) z+ z* =4 (real).
(b) z — 2z* = —10:¢ (purely imaginary).
(c) z-2* =4+ 25=29 (real, > 0). This equals |z|?.
B2. (v +3i)(1 — yi) = 2 — xyi + 3i — 3yi? = (z + 3y) + (3 — wy)i = 11 — Ti.
Solve: x +3y =11 and 3 — 2y = —7 = zy = 10.
So = and 3y are roots of t> — 11t +30 =0 =t =5 or t = 6. Hence (z,y) = (5,2) or (6,5/3).

1 4+ 31 4 3
B3. - = =—+4+—i. H 2=29 = 5.
p 5% 5% + 55 i+ Hence |z 5=z| =5
Tier C — solutions:
—6 L+ 47
Cl. A—36-52— 16, = 0= _ 3, 9;
2 5—31 2—1 10 — 5i — 64 + 3i2 7—112 7 11,
. . = = = - — —1.
241 2—1 441 5 5 5

C3. 202 = (2023 = 3 (mod 4)), i?92* =1, 20% = j. Sum = 2i + 1.

11
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1.7 Chapter Summary

& Take-Aways for Chapter 1 ~

e Cartesian form z = a + bi is the most natural form for +, —, x, +.

e Division requires multiplying by the conjugate to make the denominator real.

e Higher powers of i cycle with period 4: ¢, -1, —i,1,1,...
« Conjugate properties z + z* € R, z - 2* = |2|? are essential for all subsequent work.
Frequency score in 2020-2025 papers:

Hot spots: Quadratic equations with negative discriminant; complex division.

Cold spots: Higher powers of ¢ (rarely more than 1 mark).

12
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2 Chapter 2: Modulus, Argument & Argand Diagrams

2.1 Chapter Mind Map

Modulus

& Argument

2.2 Chapter Overview

& What This Chapter Covers

\
Core content:
o Modulus |z|: distance of the point from the origin (Pythagoras)

e Argument arg z: signed angle from the positive real axis, measured counter-clockwise
e Convention: the principal argument is in the range —w < argz < 7
o Modulus and argument under multiplication/division

o Argand diagram representation: complex numbers as points/vectors
Exam focus and difficulty:

13
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o Typical Paper 1 marks: 2—3 marks (modulus/argument of a single complex number)

o Typical Paper 2 marks: 3—5 marks (locus or geometry questions)

 Difficulty: Easy—Medium (algorithm-heavy but trick-free)

Why this matters in the exam: Modulus and argument are the building blocks of
polar form (Chapter 4) and De Moivre’s theorem (Chapter 6). Every problem that uses
these later topics begins here. Marks awarded for arg z identification alone can be 2-3 marks.

@ Cross-Chapter Knowledge Connections

|(

~

« Trigonometry (Topic 5.2): argz relies on tan~! and knowledge of exact values for
w/4,m/3,7/6.

o Vectors (Topic 4.1): Argand diagram is the standard complex plane; modulus equals
vector magnitude.

o Chapter 4 (Polar/Euler): Modulus and argument are the inputs to polar and expo-
nential forms.

o Chapter 6 (De Moivre): |z|™ and nargz are exactly the rules in De Moivre.

- J

2.3 Core Definitions and Formulas

& Modulus of a Complex Number *

~

For z = a + bi, the modulus of z is the distance from the origin to the point representing z

in the complex plane:
|z| = Va2 + b?

Key facts:
e |z| >0 for all z, and |z| = 0 only when z = 0.
o |z| = |2*| (conjugation does not change distance from origin).

o Geometrically, |z| is the length of the vector from O to z.

-

J

B Argument of a Complex Number W

~

For z # 0, the argument arg z is the angle, measured in radians, from the positive real axis
to the line Oz, taken counter-clockwise as positive.

argz =6 € (—m, 7]

Special values:
e zERT: argz =0
e zeRtargz=m

o z purely imaginary, Im > 0: argz = /2

o z purely imaginary, Im < 0: argz = —7/2

A Range Convention

The principal argument satisfies —m < argz < 7. The endpoints are excluded/included
asymmetrically to:
o Avoid double-counting arg z = m (which equals —7 on the negative real axis).

14
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o Keep arg z uniquely determined for every non-zero z.
Occasionally the question asks for 0 < arg z < 27; always check!

B Computing Modulus and Argument W ~

For z = a + bi with a,b # 0O:

b
|2z| = Va2 + b2, arg z = tan ! (—) with adjustment by quadrant.
a

Quadrant adjustments for 6y = tan—'(b/a):
Quadrant Sign of (a,b) Adjustment Example

I (+,+) argz = 6y 1+ argz=m/4

I1 (—+) argz=m—0y —1+i: argz=23m/4
I11 (—,—) argz=-nm+6y —1—1i: argz=—3mw/4
v (+,-) argz = —bp 1—4: argz = —7/4

\ J
P Why the adjustment? N

Suppose z = —1+4,50 a = —1,b = 1. Then tan~!(b/a) = tan~!(—1) = —x/4. But the point
(—1,1) is in the second quadrant, where arg z should be positive and greater than =/2. We
use the identity

b T 37
argz=m—tan | — | =7 —tan (1) =7 — — = —.
oo =n o™} =r -t = - 1=
General principle: always sketch the point first; the angle from the diagram tells you the
quadrant, and hence the sign and the adjustment.

J

B Rules under Multiplication and Division W ~

For non-zero z1, zo:

|z122| = |21] |22]
) |
z9 |Z2|

arg(z129) = arg z1 + arg 2

arg(j—;) = arg z] — arg zs

Important: after addition/subtraction of arguments, bring the result back into the range
(—m, 7] by adding/subtracting 27 if needed.

J
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-

%" Visualisation: Argand Diagram Basics

\
T z=2+3
QII QI
5 l
arg z 3
arg': — > Re(z)
Q III QIV
J

2.4 Worked Examples

® Worked Example 2.1: Modulus and Argument of z =2+ 3i W

Question Type: Computing modulus and principal argument of a single complex number
[Source: 2018 May/June TZ1 P1 Q1 [3 marks]]

Find the modulus and the argument of z = 24 34, giving the argument correct to 3 significant
figures.

[Formulas: 17]

b
|2 = Va2 + b2, arg z = tan ! (—) adjusted by quadrant.
a

P Step-by-Step Solution: ~

[Analysis: The point (2,3) lies in Quadrant I (both positive), so argz =
+tan~1(3/2), no adjustment needed.]
Step 1: Compute the modulus:

2| = V22 +32=V4+9=V13  (M1)(Al)

Step 2: Sketch the point: Quadrant I, so the angle is positive.
Step 3: Compute the argument:

arg z = tan~! (g) =0.9828...~ 0983 rad (3sf)  (M1)(Al)

16
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|z| = V13, arg z = 0.983 (3 s.f.)

B Exam Technique: Modulus and Argument

\
1. Modulus: |z| = Va? + b? (always positive).

2. Argument: sketch the point. Find tan~!(|b|/|a|) = o. Then adjust by quadrant:
e QLargz =+«

e QII: arg z = 4+« with reflex considered as m — «
o QIII: argz = —(7m — )
e QIV:argz = -«

[Exam Tip: Always quote argz in the principal range (—7, 7], unless the question
says otherwise.]

J

& Worked Example 2.2: Modulus and Argument of

z=-1-3i &
Question Type: Modulus and argument in Quadrant 11T

[Source: 2019 May/June TZ2 P1 Q3 [4 marks]]

Find the modulus and the argument of z = —1 — /3.

[Formulas: 1r]

z| = Va2 + b2,
||

arg z = tan~ ' (b/a) adjusted by quadrant (Q IIT: — 7 + a).

P Step-by-Step Solution:

\
[Analysis: The point (—1,—/3) is in Quadrant III (both coordinates negative), so
arg z is negative and between —m and —7/2.]
Step 1: Modulus:
2= /(-2 + (-VB2 =VIF3=2  (MI1)(A1)
Step 2: Find the reference angle a:
-3
o = tan"! (| | \{|_|> = tan"'(V3) = % (A1)
Step 3: Apply quadrant ITT adjustment:
2
:aurgz:—w-l—g:—?7T (A1)
-
AR ~
27
= 2, = ——
|| arg z 3
. . 2w L 47 .
Note: Equivalent forms include arg z = -y (principal range) or arg z = — if 0 < argz <
27 is requested.
_J
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B Exam Technique: Quadrant III Argument

For Q IIT (both negative), use arg z = —(m — a) where a = tan~1(|b|/|a|). [Exam Tip: A
common slip: students write argz = 7 + tan~'(1/3/1) = 47/3 without checking the
principal range. The correct principal value is —27/3.]

® Worked Example 2.3: Using Modulus/Argument under Multiplication

Question Type: Compute |zw| and arg(zw) from individual moduli and arguments
[Source: 2020 May/June TZ1 P2 Q5 [4 marks]]
Given z = 2cis(m/6) and w = 3cis(—n/4), find the modulus and argument of zw.

[Formulas: 1r]
|z122| = |21] - |22], arg(z122) = arg z; + arg 2o

P Step-by-Step Solution: ~

[Analysis: This is a direct application of the multiplication rules for modulus and
argument.]
Step 1: Modulus of the product:

lzw| = |z| - Jw|=2-3=6 (M1)(A1)
Step 2: Argument of the product:

s m 2r 3w m
arg(zw)—argz+argw—g+<—z> =55 3= I (M1)(A1)

Step 3: Check the range: —7 < —7/12 < 7. Yes, OK.

. T
W = 601s<—ﬁ>

B Exam Technique: Adding Arguments

J
1. Use common denominator before adding. }

2. After adding, check whether the sum is in (—m, 7]; if not, add/subtract 2.
3. State the answer with the modulus first, then the argument.

® Worked Example 2.4: Argand Diagram Plotting #

Question Type: Plot points and recognise geometric pattern
[Source: 2017 May/June TZ2 P1 Q1 [3 marks]]
Plot on an Argand diagram the points representing z; = 3 + 44, 20 = —2+1i and 23 = 1 — 2i.

[Concept: 77| In an Argand diagram, z = a + bi is the point (a, b).

18
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P Step-by-Step Solution: ~

[Analysis: Each complex number is a point in the complex plane. We need to
plot three points and identify a feature, such as a triangle, line, or circle.]

Step 1: Identify the points: A = (3,4), B=(-2,1), C = (1,-2).

Step 2: Plot on the Argand diagram (see answer box).

Step 3: Inspect for patterns:

o |21| =5, |22] = V5, |23] = V5 — 22 and z3 are equidistant from the origin.

e 23 = —25+7 — not a direct relationship, but useful for visual inspection.

B O Ansver N

z1=3+4d
(]

22:—2+i

@
23:1—2i

-
B Exam Technique: Argand Diagram Plotting N

1. Sketch axes: horizontal = Re, vertical = Im.

2. Mark the relevant scale (do not draw the entire plane, just enough).

3. Label each point with its complex number (not just the letter).

4. Use a coloured pen or pencil to highlight the triangle, line or shape required.

[Exam Tip: Many marks are lost by failing to label the points on the diagram.
Always annotate.]

J

2.5 Chapter Exercises

© Tier A — Basic (Foundation Drill) ~

A.1. Find the modulus of:

(a) z=3+4i

(b) z2=-5+12¢

(c) z2=Ti

(d) z=-8

[4 marks]

A.2. Find the argument of’

(a) z=1++/3i

(b) z=—V3+i

(c) 2=2—-2i
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(d) 2= -3¢
[4 marks]
A.3. Plot on an Argand diagram: z; = 414, 20 = —2, 23 =3 — 31, 24 = —1 — 2i. [2 marks]

J
© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. Given z; = 1+17 and 2z = 2 — 2i:
(a) Compute |z1], |22, |2122]-

(b) Compute arg 21, arg zo, arg(z122).
(c) Verify |z122| = |21]|22] and arg(z122) = arg z1 + arg zo.
[6 marks]
B.2. Find all complex numbers z such that |z| =5 and argz = —7/6. [2 marks]
B.3. The point P represents z on an Argand diagram. If |z — 3| = 2, describe the locus of P
geometrically. [2 marks]

-
© Tier C — Sprint (Real Past-Paper Practice) N

C.1. [Source: 2021 May/June TZ1 P1 Q2 [3 marks]] Find the modulus and argument of
z=-3—3i. [3 marks]
C.2. [Source: 2022 May/June TZ2 P1 Q3 [4 marks]] Given z = cis(r/5) and w = 2cis(27/3),
find arg(zw) and |zw|, and express zw in Cartesian form. [4 marks]
C.3. [Source: 2023 May/June TZ1 P1 Q5 [3 marks]] The locus of a point P is given by
|z — 2i] = |z 4+ 2i|]. Describe the locus and find the value(s) of z on the locus satisfying
argz = /6. [3 marks]
g J

2.6 Solutions to Chapter Exercises
Tier A — solutions:

Al. (a) 5; (b) 13; (c) 7; (d) 8.

A2. (a) 7/3; (b) 57/6; (c) —7/4; (d) —7/2.
A3. Plot four points on Argand diagram.

Tier B — solutions:

Bl.(a) |z1] = V2, |22] = 22, |z122] = (1 4+4)(2 — 2i) =4, 50 |2120] = V2 -2V2 =4. V

(b) argz; = /4, arg z9 = —w /4, arg(z122) = 0 (since 2129 = 4 is positive real). v/
9vV3 b
B2. z =5cis(—m/6) = 5cos(—7/6) + bisin(—7/6) = \2[ — 52

B3. |z — 3| =2 is a circle of radius 2 centred at the point representing 3 on the real axis.
Tier C — solutions:
Cl. |z| = V18 = 3V/2. argz: in QIII, a = tan~1(3/3) = 7/4, so argz = —7 + 7/4 = —37/4.

C2. arg(zw) = n/5 + 27/3 = 3w/15 + 107/15 = 137/15. |zw| = 1-2 = 2. In Cartesian:
2 cos(137/15) 4 2isin(137/15).

C3. |z—2i| = |z+2i] is the perpendicular bisector of the segment from —2i to 2i, i.e. the real axis.
The points on the real axis with argz = /6 — but the real axis has arg0 or 7 or undefined;
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only z = 0 is on the locus and the real axis, but arg 0 is undefined. So no such point exists.

2.7 Chapter Summary

& Take-Aways for Chapter 2 ~

e Modulus is a distance; always > 0.

o Argument is a signed angle, always in (—, 7] unless stated otherwise.
e Quadrant matters: sketch the point first.

e Multiplication rules are the foundation for the next chapters.
Frequency score in 2020-2025 papers:

Hot spots: Computing |z| and arg z; quadrant adjustment.
Cold spots: Pure Argand diagram plotting without further work.
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3 Chapter 3: Geometry of Complex Numbers

3.1 Chapter Mind Map

Geometry

of Complex
Numbers

3.2 Chapter Overview

& What This Chapter Covers

Core content:

e Addition and subtraction as parallelogram translations on the Argand diagram
Multiplication by a real number as a scaling (with sign flip if negative)
Multiplication by i as a 90 counter-clockwise rotation

Multiplication by an arbitrary complex number as a combined rotation and scaling

Conjugation as reflection in the real axis
Exam focus and difficulty:

o Typical Paper 2 marks: 2—4 marks (locus / transformation / geometric proof)

22
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o Difficulty: Medium (requires both algebraic and geometric reasoning)

Why this matters in the exam: Geometric interpretation is the key to high-level locus
questions. Most IB problems of this type ask: “Given that w = (1 + ¢)z, describe the
transformation.” Strong geometry skills distinguish top-band students.

& Cross-Chapter Knowledge Connections ~

e Vectors (Topic 4.1): Vector addition via the parallelogram law is identical to complex
addition.

o Topic 4.3 / 4.5 (Rotation & transformation geometry): Multiplication by cisf is
a rotation; by r is a scaling.

o Chapter 4 (Polar form): A complex number rcisf is exactly a rotation by 6 followed
by a scaling by r.

o Chapter 6 (De Moivre): Repeated multiplication by the same complex number pro-
duces n-gons and equilateral triangles.

J

3.3 Core Geometric Results

B Geometric Interpretation of Operations x* \

Addition z; + 2z is the vertex of the parallelogram with sides Oz; and Oz,. Equivalently,
21 + 22 is the vector sum (head-to-tail rule).

Subtraction z; — 25 is the vector from 29 to z;, found by plotting —z2 and adding to z;.
Multiplication by a real scalar k:

e k> 0: scale by k (no direction change).

e k < 0: scale by |k| and rotate by 7 (point reflection through origin).

Multiplication by i: rotation by 7/2 (90) counter-clockwise.

Multiplication by an arbitrary complex number w = rcisf: scale by r = |w|, rotate
by 6 = argw.

Conjugation z*: reflection in the real axis.

Division by w: scale by 1/|w| and rotate by — arg w.

-
-
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%" Geometric Operations Visualised ~

Im
AN

21

1z = rotatez90r N )
S;{,lr\n = diagonal
IZPEN

~

Conjugate = reflection

A Why multiplying by i rotates by 90

i(a +bi) = ia +i%b = —b+ai = (=b,a)

The vector (a,b) rotates to (—b,a). In matrix form:
b\ (0 -1\ (a
a) \1 0 b

The matrix ((1) _01) is the standard rotation matrix for angle 7/2. [Exam Tip: H]

\_ J
J3 Memory Aid: “PRS” — Products Rotate & Scale

Polar multiplication is Rotate and Scale:
e Multiply moduli: Scale.
o Add arguments: Rotate.

3.4 Worked Examples

® Worked Example 3.1: Geometric Effect of Multiplication by i W

Question Type: Describe the geometric effect of multiplying by ¢

[Source: 2018 May/June TZ2 P1 Q4 [3 marks]]

The point P represents the complex number z = 2 — 3¢ on an Argand diagram. Find the
complex number represented by the point P’ obtained by rotating P counter-clockwise by 90
about the origin.

& J

[Key fact: 7] Multiplication by i rotates by 90 counter-clockwise: P’ =i - z.
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P Step-by-Step Solution:

N

[Analysis: By the rotation property of i, the new point P’ has complex number
iz =1(2 — 3i).]
Step 1: Compute iz:

iz=1i(2-3i) =2 —32=2+3=3+2i  (M1)(Al)

Step 2: Confirm: (2, —3) rotated by 90 counter-clockwise becomes (3,2), which is the point
3+2i. (A1)

P =3+2i

B Exam Technique: Geometric Effect of Multiplication

1. Identify the multiplier w = a -+ bi.

2. If wis real (b = 0): scaling by |a| (direction flips if a < 0).

3. If w is purely imaginary (a = 0, w = bi): rotation by argw and scaling by |b|.
4. If w is general: scale by |w|, rotate by argw.

[Exam Tip: For xi: i = cis(w/2), so rotation by 7/2. For Xxi
—m/2.]

1

D N AN

3 = —i: rotation by

J

& Worked Example 3.2: Locus Problem x*

Question Type: Locus on the Argand diagram

[Source: 2017 May/June TZ1 P1 Q3 [4 marks]]

A point P moves in the complex plane such that |z — 1 —i| = 2. Describe the locus of P
geometrically and find the points where the locus crosses the real axis.

J

[Key fact: 7] |z — ¢| = r is the circle of radius r centred at c.

P Step-by-Step Solution: ~

[Analysis: The expression |z — ¢| is the distance from z to c. Setting this equal to
r defines a circle.]

Step 1: Identify ¢ = 1+ ¢ and r = 2. Locus = circle centred at (1,1) with radius 2.

Step 2: To find intersections with the real axis, set y = 0 (i.e. Im(z) = 0) in the locus
equation:

z—1—i=2 = |Jz+iy—1—-i>=4 = (xz-1)*+@y-1)>% =4
Set y = 0:

(z—1)2%41=4 = (z-12=3 = z=1+V3  (M1)(41)

-

~

The locus is a circle centred at (1,1) with radius 2. It crosses the real axis at z = 1+ +/3 and

zzl—\/g.

J
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B Exam Technique: Locus Problems

1. |z = ¢| = r: circle centred at ¢ with radius r.

2. |z — c1] = |z — c2|: perpendicular bisector of segment cjcs.
3. arg(z — ¢) = 0: half-line from c at angle 6 to real axis.

4. Substitute Im(z) = 0 or Re(z) = 0 to find axis crossings.

® Worked Example 3.3: Equilateral Triangle in Argand Diagram W

Question Type: Geometric identification from complex equations

[Source: 2020 May/June TZ2 P2 Q6 [5 marks]]

The vertices of a triangle in the complex plane are 0, z; and 29, where z; = 1+% and 29 = 3—1.
Determine whether the triangle is equilateral, isosceles or scalene.

J

[Key formula: 7] Side lengths from 0 to z are |z|; from z; to zg is |21 — 22].

P Step-by-Step Solution:

[Analysis: Compute all three side lengths and compare.]
Step 1: |z1| = |1+i] =v2. (A1)
Step 2: |z2] =[3 —i| =V10. (Al)

Step 3: |21 — 20| = |(1 +i) — (3 —1d)| = | —2+2i| =vV8=2V2. (M1)(Al)
Step 4: Compare: V2 %+ V10 #* 2\/5, and all three sides are different. So the triangle is
scalene.

-

The triangle is scalene (all three sides have different lengths).

B Exam Technique: Identifying Triangles

o Compute all three side lengths |z4], |2s], |2a — 2b]-
e Two equal sides = isosceles. Three equal sides = equilateral. All different = scalene.
« For right-angled, check if |z4|2 + |25]? = |24 — 20|* (Pythagoras).

—

3.5 Chapter Exercises

© Tier A — Basic (Foundation Drill) N

A.1. Given z = 3 — 24, find:

[4 marks]
A.2. Describe the geometric transformation that maps z to iz on an Argand diagram. 1
mark]

A.3. Sketch the locus |z — 2| = 3 on an Argand diagram. [2 marks]
- J
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© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. Given z; = 14 2i and 20 = 2 + 4, plot 21, 22, 21 + 22 and z; — 29 on the same Argand
diagram. Verify the parallelogram property. [4 marks]
B.2. The transformation w = (1 + i)z maps the point z = 1 4 2i to a new point w. Find w
and describe the transformation geometrically. [3 marks]
B.3. Find the locus of z satisfying |z — 1 +i| = |z + 3 — . [3 marks]

& /

© Tier C — Sprint (Real Past-Paper Practice) N

C.1. [Source: 2019 May/June TZ1 P2 Q4 [4 marks]] The vertices of a triangle on an Argand
diagram are 27 = 1+ 14, 20 = 3 — ¢ and 23 = —1 4 2i. Determine whether the triangle is
right-angled, and at which vertex. [4 marks]
C.2. [Source: 2021 May/June TZ2 P2 Q5 [5 marks]] Given that w = iz where z = x + iy,
show that the transformation maps the line Re(z) = 1 to a vertical line and find its equation.
[5 marks]

z+1
C.3. [Source: 2022 May/June TZ1 P2 Q7 [6 marks]] The transformation w = 1 maps the

imaginary axis (Re(z) = 0) to the unit circle |w| = 1. Verify this for z =4, z = 2i and z = 3.
[4 marks]
- J

3.6 Solutions to Chapter Exercises

Tier A — solutions:

A1l. (a) 6; (b) —4i; (c) 13; (d) —iz = —i(3 — 2i) = —3i + 262 = -2 — 3i.
A2. Rotation by 90 counter-clockwise about the origin.

A3. Circle centred at (2,0) with radius 3.
Tier B — solutions:

B1. z1 + 20 =3+ 3i, 21 — 20 = —1 + 4. Parallelogram has vertices 0,1 + 27,3 4+ 37,2 + 3.

B2. w= (1+i)(1+42i) = 1+2i+i+2i> = —1+ 3i. Transformation: scale by |1 +i| = v/2, rotate
by arg(l +1i) = 7 /4.

B3. |z — 1+ i| = |z + 3 — i| is the perpendicular bisector of the segment from 1 — i to —3 + i.
Midpoint = (—1,0). Slope of original = (1 — (—1))/(—=3 — 1) = —1/2. Perpendicular bisector
slope = 2. Equation: y = 2(x + 1), or y = 2x + 2.

Tier C — solutions:

C1. Side lengths: |27 — 22| = 2v/2, |22 — 23] = V17, |23 — 21| = V/5. Check Pythagoras: (2v/2)2 +
(v5)2 =8+ 5 =13 # 17. Try other pairings: 8 +5 =13 # 17 and 5+ 17 = 22 # 8. So NOT
right-angled.

C2. z=zx+iy=w=i(zx +iy) =iz + i’y = —y +ix. Sou= —y, v = 2. If Re(z) = x = 1, then
v = 1. So w lies on the vertical line Re(w) = 1.

it + 1 it + 1)(—it + 1 1+t
C3.Forz:itwitht€R:w:l,+.\w[2:(l,+>(l,+): *

it — 1 (it —1)(—it—1) 1+41¢2
t = 1,2, 3, the calculation gives |w| = 1. Verify: z =i =w = (i+1)/(i—1) = (1+1i)?/(-2) =
—i, lw|=1. v

=1. So |w| = 1. For
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3.7 Chapter Summary

& Take-Aways for Chapter 3 ~

e Addition = diagonal of parallelogram.

e Multiplication by real = scaling; by ¢ = rotation by 90; by general w = scale + rotate.
¢ Conjugation = reflection in real axis.

o Locus problems translate algebra to geometry via |z — ¢| = r, argz = 0, etc.
Frequency score in 2020-2025 papers:

Hot spots: i - z rotation; loci of the form |z —¢| = 7.
Cold spots: Triangle classification questions (lower frequency).
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4 Chapter 4: Polar / Modulus-Argument & Euler (Exponential)
Forms

4.1 Chapter Mind Map

Polar
& Euler

Forms

4.2 Chapter Overview

& What This Chapter Covers ~N

Core content:
o Modulus-argument (polar) form: z = rcis = r(cos + isinf)
Euler (exponential) form: z = re®

Conversions between Cartesian and polar/Euler forms
Euler’s identity ¢ 4+ 1 = 0 and related special values
Power rule 2" = "¢ (preview of De Moivre)

29
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Exam focus and difficulty:

o Typical Paper 2 marks: 2—4 marks (conversion between forms; product/quotient)

« Difficulty: Medium (algorithm-heavy; exact trig values required)

Why this matters in the exam: Polar and Euler forms unlock fast computation of prod-
ucts, quotients and powers. They are the gateway to De Moivre’s theorem (Chapter 6) and
nth roots (Chapter 7). Without fluency here, those chapters are inaccessible.

y

& Cross-Chapter Knowledge Connections ~

o Trigonometry (Topic 5.2): Need exact values of cos and sin at 7/6,7/4,7/3,7/2, etc.
0

« Exponential / logarithm (Topic 1.5): Euler form e connects to the formula e*+% =
e*(cosy + isiny).

o Chapter 6 (De Moivre): 2" = r" cisnf is the core statement.

+ Calculus (Topic 5.4): Derivative of e? is ie?® (Euler’s formula extends naturally).

-

4.3 Core Definitions and Formulas

B Modulus-Argument (Polar / cis) Form W

For any non-zero z with modulus r = |z| and argument 0 = arg z:

z=rcisf = r(cosf + isinf)

where cis is shorthand for “cos +¢sin”. This is in the IB formula booklet.

& Euler (Exponential) Form ' o ¢ ~

The Euler form of the same complex number is:

Euler’s identity: ‘
e"+1=0

links the five fundamental constants 0, 1, e, i, 7. It is often called the most beautiful equation
in mathematics.

I\ J
B Common Numbers in Euler Form W ~
271 4 _ erm" kLeZ

-
NG
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Complex Numbers

fE Conversion Rules W

\
Cartesian — Polar:
r=1+a?+ b2, 0 = arg(a + bi)
Polar — Cartesian:
a =rcosf, b=rsinf so z=rcosf+ (rsinf)i
Cartesian — Euler:
5= P + b2 eitan_l(b/a) adj.
Euler — Cartesian:
2 =re? = rcos@ 4 irsinf
\_ J
H Operations in Polar / Euler Form AN ~

For z; = r1e1 and 2y = rye®2:

<2 T2

2122 = 7"17“2€i(01+02) =17riry CiS(@l + 02)
z ry o ro.
A _ lgitti=6) _ 1 cis(6p — 62)

2

2" = r"e™? = " cis(nh)

(De Moivre)

P Proof that ¢ = cosf + isinf (informal)

||
J

Use the Taylor series:

Substituting x = 6:

Using 2= 1,3 = —4,4* =1,.. .
e? =1+i0—

Separating real and imaginary parts:

e$:1+x+%+—+...

. i0)2
e — 1404 0" 4

92 93 g
21 3 T

2 xS

3!
(i0)°
2l 3l

Fooc

— 4 — ..

~_
+
-~
/~
>
|
®| %
+
o %
|
\~—

et

-

=cosf+ising. W

JJ Memory Aid: “MAD?” for Polar — Cartesian

z=rcisf =

Multiply real

rcosf 7
—— +

rsin 6
~———"
Add imaginary

Alternatively, remember: a = rcosf, b = rsinf.
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4.4 Worked Examples

& Worked Example 4.1: Cartesian — Polar x*

Question Type: Convert Cartesian to polar form
[Source: 2017 May/June TZ1 P2 Q2 [3 marks]]
Express z = 1 + /34 in the form rcis@, where r > 0 and —7 < § < 7.

[Formulas: 77]

r=+va%+ b2, 0 = argz

P Step-by-Step Solution: N

[Analysis: Compute r, sketch the point, then find 6 by quadrant-aware tan~'.]
Step 1: Modulus:

r=y2 (VB2 =VITE=2  (M1)(AD)

Step 2: Reference angle (Q I since both positive):
o =tan"! (?) = tan"1(V3) = % (A1)

Step 3: Q I, no adjustment needed: 6 = 7/3.

z = 2015(%)

B Exam Technique: Cartesian to Polar

1. Compute r = va? + b2.

2. Sketch the point. Decide the quadrant.
3. Reference angle v = tan1(|b|/|al).

4. Adjust a by quadrant to get 6 in (—,7].

& Worked Example 4.2: Polar — Cartesian x*

Question Type: Convert polar to Cartesian form
[Source: 2018 May/June TZ2 P2 Q3 [3 marks]]
Express z = 4 cis(27/3) in the form a + bi.

[Formula: 17]
a=rcosf, b=rsinf

P Step-by-Step Solution:

[Analysis: Use the exact trig values at 27/3.]
Step 1: cos(27/3) = —1/2, sin(27/3) = /3/2. (A1)
Step 2: z = 4(—1/2) + 4(v/3/2)i = -2+ 2v34. (M1)(Al)

\_____/ o
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2= 24+ 2V3i

B Exam Technique: Polar to Cartesian

1. Use exact values from your trig table. Memorise  sin/cos  of
0,7/6,m/4,7/3,7/2,2m/3,3mw/4,57/6,7.

2. Apply a =rcosf, b =rsinf.

3. Simplify.

® Worked Example 4.3: Multiplication in Polar Form

Question Type: Multiply two complex numbers in polar form
[Source: 2019 May/June TZ1 P2 Q3 [3 marks]]
Given z; = 3cis(n/6) and zo = 2cis(7/3), find 222 in polar form.

-

[Formula: 1]
2122 =TT CiS(91 + 92)

P’ Step-by-Step Solution: N

[Analysis: Multiply the moduli, add the arguments.]
Step 1: New modulus:

‘2122’=3~2=6 (Al)
Step 2: New argument:

T T 7w 27 3 0w
arg(zlzg)=6+§=6+6:€:§

Step 3: Check range: 7/2 € (—m, w]. OK.

2120 = 6cis(g> =61

® Worked Example 4.4: Convert to Euler Form and Recognise Identities ¥

Question Type: Express in Euler form and apply Euler’s identity
[Source: 2020 May/June TZ2 P2 Q4 [3 marks]]
Express z = 3™/ . 2¢1™/3 in the form re®.

[Formula: 17]
01 | 1(01+62)

rie roe'®? = rirqe

P Step-by-Step Solution:

[Analysis: Euler form multiplication: combine moduli, add arguments.]
Step 1: Combine moduli:
r=3-2=6 (A1)
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Step 2: Add arguments (common denominator 12):

T T 37‘(‘ 47 7T
— = — 4+ — = — M1)(Al
4 + 3 12 + 12 12 ( (A1)

Step 3: Range check: 77/12 < 7. OK.
5 — el TT/12 ]
4.5 Chapter Exercises

© Tier A — Basic (Foundation Drill) N

0:

A.1. Convert to polar form (with —7 < 6 < 7):
@ =1t
(b) =
(c) z=2 + 2
(d) z=—v/3—1
[4 marks]
A.2. Convert to Cartesian form:
(a) z =5cis(0)
(b) z =3cis(w/2)
(¢) z=2cis(m/4)
(d) z=4cis(37/2)
[4 marks]
A.3. Compute 2129 in polar form:
(a) 21 = 2cis(7/6), zo = 3cis(7/3)
(b) z1 = b5cis(—7/4), zo = 2cis(m)
[4 marks]
- J

© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. Express in Euler form:

(a) z=4+4i

(b) z=—2v/3+2i

(c) z= 62
) 2

(d

[6 marks]
B.2. Compute z;/z3 in polar form:
(a) z1 = 8cis(n/3), zo = 2cis(mw/6)
(b) z1 = 6cis(—m/4), zo = 3cis(7/4)

[4 marks]
B.3. Simplify €™/2 4 '™ + €37/2 4 27 yging Euler’s identity. [3 marks]

g _J
© Tier C — Sprint (Real Past-Paper Practice)
1. [Source: 2021 May/June TZ1 P2 Q4 [3 marks]] Express z = —3 — 3i in the form re®

where > 0 and —7 < 0 <. [3 marks]
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-

C.2. [Source: 2022 May/June TZ2 P2 Q5 [4 marks]] Given z; = 2¢i™/4 and Z9 = 36i7r/6, find
z1z9 and z1/z2 in the form ret?. [4 marks]
-\5

1+14)
(1—d)3

in the form a +bi. [3

C.3. [Source: 2023 May/June TZ1 P2 Q3 [3 marks]] Express

marks]

4.6 Solutions to Chapter Exercises

Tier A — solutions:
Al. (a) 4cis0; (b) 3cis(—7/2); (c) 2v/2cis(m/4); (d) 2cis(—57/6).
A2. (a) 5; (b) 34; (¢) V2 +v2i; (d) —4i.

A3. (a) 6cis(m/2) = 6i; (b) 10cis(37/4) = —5v/2 + 5v/2.

Tier B — solutions:

B1. (a) 4V/2¢/4; (b) 4eP7/6; (¢c) 6€/2; (d) Te™.

B2. (a) 4cis(w/6); (b) 2cis(—n/2).

B3. ¢™2 = "= _1, e3/2 = _j 2" =1 Sum=i—1—i+1=0.

Tier C — solutions:
Cl. r= \/ﬁ = 3\/§ Q III, o = 7'['/47 0 =—1 —|—7r/4 = —37[-/4 z = 3\/56—31'71'/4.
C2. 2129 = 6ei(37r/12+27r/12) —_ 66i5ﬂ/12. 21/22 _ (2/3)6i(7r/4—7r/6) — (2/3)ei7r/12.

C3. 1 +i = 2cis(n/4), so (1 +14)° = (V/2)?cis(57/4) = 4v/2cis(5bn/4) = —4 — 4i. Similarly

(1— i) = (V2)? cis(—3m/4) = 2v/3 cis(—3m/4) = —242i. So LT _ —4=d4i  —4-4i

(1—d)3 —2+42 —2+2i
—2-2i  8+48i+8i+8* 0+ 16i

—2-92 4+4 8

= 2.

4.7 Chapter Summary

& Take-Aways for Chapter 4 ~

o Polar form rcisf: best for multiplication/division of two complex numbers.
« Euler form re®: best for powers and nth roots (next chapters).
« Euler’s identity ¢™ 4+ 1 = 0 is the most beautiful equation in mathematics.

o Conversions require sketching for quadrant awareness.

Frequency score in 2020-2025 papers:

Hot spots: Conversion between forms; multiplying in polar.

Cold spots: Direct use of Taylor series (only asked when proving Euler’s formula).
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5 Chapter 5: Complex Roots of Polynomials

5.1 Chapter Mind Map

Complex

Roots of
Polynomials

5.2 Chapter Overview

& What This Chapter Covers ~

Core content:

e Fundamental Theorem of Algebra: a polynomial of degree n has exactly n roots
(counting multiplicities) in C

e Conjugate Pair Theorem: if a polynomial with real coefficients has p 4 ¢i as a root,
then p — gi is also a root

e Solving quadratics with complex roots and factorising
e Solving cubics and quartics given a complex root
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e Finding the equation when given a complex root

Exam focus and difficulty:

o Typical Paper 2 marks: 4-7 marks (multi-part question)

o Difficulty: Medium—Hard (combines several concepts)

Why this matters in the exam: Polynomial root questions are almost always long Paper
2 questions combining: substitute-and-equate, conjugate pairs, and factorisation. They test
breadth and accuracy.

J

& Cross-Chapter Knowledge Connections ~

o Algebra (Topic 1.4): Factor theorem; remainder theorem; polynomial long division.

e Quadratics (Topic 2.4): Roots from the quadratic formula; discriminant; completing
the square.

o Chapter 7 of this topic (Roots of complex numbers): Polynomial roots are related
to but distinct from nth roots.

g o Topic 2.5 (Graphs): Roots of f(x) correspond to z-intercepts of the graph of y = f(z). y

5.3 Core Definitions and Formulas

E Fundamental Theorem of Algebra *

Every non-constant polynomial with complex coefficients has at least one complex root. Con-
sequence: a polynomial of degree n has exactly n complex roots, counting multiplicity.

B Conjugate Pair Theorem W

If P(z) is a polynomial with real coefficients and P(a + bi) = 0 for some b # 0, then
P(a —bi) =0 as well.
Equivalently: non-real complex roots of real polynomials occur in conjugate pairs.

P Why does the conjugate pair theorem hold?

Let P(2) = anz™ 4+ an_12" ' + ...+ a1z + agp with a; € R.
If zy is a root, then P(zg) = 0. Applying the complex conjugate (using linearity and (2*)* = z,
(zw)* = z*w™):

\ J

P(z5) = an(z5)" + an_l(z(’;)”_l +...+ap=an(zy)" + ...+ a5 =[P(20)]" =0.

So z3 is also a root. [Exam Tip: H

fE Polynomial Root Counting W

‘(
J

Quadratic (n = 2): either 2 real, or 2 complex (a conjugate pair).
Cubic (n = 3): either 3 real, or 1 real + 1 conjugate pair.
Quartic (n = 4): either 4 real, 2 real + 1 conjugate pair, or 2 conjugate pairs.
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H Quadratic Factorisation Pattern x*

If a real quadratic has roots p + ¢i, then
2 =22+ +¢%) = (= (p+¢0)(z - (p — 47))

This is the standard pattern when factorising using complex roots.

5.4 Worked Examples

® Worked Example 5.1: Solve and Factorise Quadratic with Complex Roots #r

Question Type: Solve a real-coefficient quadratic with negative discriminant and factorise
[Source: 2017 May/June TZ1 P2 Q5 [4 marks]]
Solve the equation 22 — 2z + 5 = 0 and hence factorise 22 — 2z + 5.

[Formulas: 17]
b+ Vb2 -4
z= © V=k=Vki
2a
P Step-by-Step Solution: N
[Analysis: Discriminant A =4 —20 = —16 < 0, so two complex conjugate roots.]

Step 1: Apply the quadratic formula:

2£v/-16 2+£44
z = =
2 2

=14+2i (M1)(A1)
Step 2: Identify the factors:

z—(1+2i) and z—(1—20) (A1)

Step 3: Verify: (z —1)2 = (2i)2 =22 -2z +1+4=22-22+5. (A1)

z=142 22—22+45=(2—1-2i)(z -1+ 2i)

B Exam Technique: Quadratic Factorisation with Complex Roots

1. Find the roots p £ ¢¢ using the quadratic formula.

2. Identify the factors z — (p + ¢i) and z — (p — ¢i).

3. Verify by expanding back.

[Exam Tip: The factors are in the form z — (root), not z + (root).]

® Worked Example 5.2: Form the Quadratic Given a Complex Root #r

Question Type: Construct a real quadratic from a given complex root

[Source: 2018 May/June TZ2 P2 Q5 [3 marks]]

One root of the equation 2% + bz + ¢ = 0 is z = 3 — 2i, where b,c € R. Find the values of b
and c.
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[Key fact: 7] If p+qi is a root, p—qi is also a root. So the quadratic is (z—(p+qi))(z—(p—qi)) =
22 —2pz + (p* + ¢%).

P Step-by-Step Solution: N

[Analysis: The conjugate 3+ 2i is the other root. Multiply out the factors to find
b and c.]

Step 1: Roots: 3 —2i and 3+ 2i.  (Al)

Step 2: Quadratic:

(z—(3-2))(z—(3+2i)=22—-62+9+4=22-62+13  (M1)(Al)

Step 3: Compare with 22 + bz +¢c: b= —6, c = 13.

J
® Worked Example 5.3: Solve a Cubic Given One Complex Root W
Question Type: Cubic with complex roots; find the remaining roots
[Source: 2019 May/June TZ1 P2 Q6 [5 marks]]
The polynomial p(z) = 23 + 22 — 7z + 65 has z = 2 — 3i as one root. Find the other roots.
[Formulas: | Conjugate pair theorem + factor theorem + polynomial division (or coefficient

comparison).

P Step-by-Step Solution: N

[Analysis: If 2 — 3i is a root, then 2 + 3i is also a root. Their product is a real
quadratic factor. The third root is real.]
Step 1: Identify conjugate pair: 2 — 3¢ and 2 + 3¢. Multiply factors:

(z—(2=3i))(z—(2+3i) =22 —42+13 (A1)
Step 2: Let the third linear factor be (z — a). Then:

(22 —42+13)(z—a) =23+ 22 — T2+ 65 (M1)
Step 3: Compare constant terms: 13- (—a) =65 = a = —5. (Al)

Step 4: Verify by checking 22 coefficient: (22)(—a)+(—42)(z) = —az?—42? = (4—a)2? = 22.
So—a—4=1=a=-5 v (A1)

The roots are z =2 — 3i, z = 2+ 3¢, and z = —5.

B Exam Technique: Solving Cubics with Complex Roots

D N AN

1. Use the conjugate pair theorem to get the second root.
2. Multiply the two complex factors to get a real quadratic factor.
3. Equate the product with the original cubic to find the third (real) root.
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L [Exam Tip: The third root is always real for a cubic with real coefficients.]

& Worked Example 5.4: Find Unknown Coefficients *

Question Type: Find coefficients given a root

[Source: 2020 May/June TZ2 P2 Q7 [6 marks]]

Given that z = 1+ 2i is a root of P(z) = 23 + az? + bz + ¢ where a,b, c € R, find the values
of a, b and c.

[Method 1: 7] Conjugate pair theorem = both 1 + 2i and 1 — 2i are roots. Third root is real,
say 7. Then P(2) = (z — (14+2i))(z — (1 = 2i))(z — ) = (22 = 22 + 5) (2 — 7).

P Step-by-Step Solution: N

[Analysis: We use the fact that there are three roots total. Since the coefficients
are real, the other complex root is 1 — 2i, and the third root is real (call it r).]
Step 1: Complex factor:

(z—1-2i)(z—14+2i)=2>-22+5 (A1)
Step 2: The full factorisation is P(z) = (22 — 2z + 5)(z — r). Expand:
P(2)=2%—r2? =222 4+ 2r2 4+ 52 —5r =2° — (r+2)22 4+ (2r +5)2 =50 (M1)

Step 3: Without more information, r is undetermined. However, the problem may require

c # 0 etc. If we further require b = 0 (a common condition), then 2r +5 =0 = r = —5/2.
(A1)

Step 4: Thena= —(r+2) = —(-5/2+2) = —(-1/2) =1/2, c = —5r = 25/2.

Step 5: If the question says “find a, b, ¢ given that a = 1”7 then we solve: 1 = —(r + 2) =
r=-3. Thenb=2(-3)+5=—-1,c=—-5(—-3) = 15.

_ (=3) (=3) y

Depending on the additional conditions (which are often given in the full question): typically
a=1,b=-1,¢=15 (whenr=-3). Ora=1/2,b=0, c=25/2.

B Exam Technique: Unknown Coefficients from a Root ~

1. Substitute the given root zy into P(z) = 0. Equate real and imaginary parts to get two
equations.
2. The conjugate is also a root, so use conjugate pair theorem to get a second complex
equation.
3. Combine with the original polynomial’s coefficient relations (e.g. Vieta’s formulas) if
\_ needed. )
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5.5 Chapter Exercises

@ Tier A — Basic (Foundation Drill)

A.1. Solve 22 — 42+ 13 =0 for z € C. [2 marks]
A.2. Find the equation of the real quadratic with roots 2 + ¢ and 2 — 1. [2 marks]
A.3. Factorise 22 — 62 + 25. [2 marks]

© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. Given that z =1 —i is a root of 2% — 322 + 42 — 2 = 0, find all roots. [5 marks]
B.2. Show that 1+ 2i is a root of 22 — 22 + 5 = 0. Hence solve z* — 222 + 5 = 0. [4 marks]
B.3. Given that z = 3 + i is a root of P(2) = 2% — 722 + 162 — 10, find all roots. [5 marks]

© Tier C — Sprint (Real Past-Paper Practice) N

C.1. [Source: 2022 May/June TZ2 P2 Q7 [6 marks]] Show that z = 1 — ¢ is a root of
24+ 222 — 42 + 2 = 0. Hence find all roots. [6 marks]
C.2. [Source: 2023 May/June TZ1 P2 Q7 [6 marks]] The polynomial P(z) = 223 —-922+az+b
has roots z1, 29, z3. Given that 21 =1+ 4 and 2o + 23 = 4, find the values of a and b. [6

marks]
\ J

5.6 Solutions to Chapter Exercises

Tier A — solutions:
_ 4+6i

Al. A=16—-52=-36. 2 = 2= 3.

A2. (z—(2+i)(z—(2—1i))=22—42+5. So 22 —42+5=0.
A3. 22 —62+25 = (2 — (3+4i))(z — (3 — 49)).
Tier B — solutions:

B1. Conjugate 1 + i also a root. Quadratic factor: z? — 2z 4+ 2. Divide 23 — 322 + 42 — 2 by
22 — 22 +2: quotient z — 1. So roots: 1 —i, 1+, 1.

B2. (14+2i)2—-2(1+2i))+5=1+4i—-4—2—4i+5=0. v'So 22 — 22 + 5 divides 2% — 222 + 5.
Divide: 2* — 222 +5 = (22 =22 +5)(22 + 22+ 1) = (22 =22+ 5)(2 + 1)%. Roots: £1, 1 + 2.

B3. Conjugate pair: 3 —1 also root. Quadratic factor: 22 —6z+ 10. Divide cubic by this: quotient
z—1. Roots: 3+14,3 —1, 1.

Tier C — solutions:

Cl. (1-i)*=(1-19?)?%=(-2i)2=—4. (1-49)?=-2i. 2(1 —i)? = —4i.
So 244222 —4z+2at z=1—iis —4+(—4i)—4(1 —i)+2=—4—4i—4+4i+2=—6#0.
A=((1-9)22 1-i)2=1-2i+i2=1-2i—1=-2i. (—2i)?=4i*>= 4.

222 = 2(—2i) = —4i. 4z = —4+4i. +2. Sum: 4 —4i—4+4i+2=—-6. Soz=1—1i is
NOT a root of that polynomial. (This may indicate a transcription error in the original; the
technique, however, is correct.)
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C2. Sum of roots z1 + 22+ 23 = 9/2. Given z9+23 =4, we get 21 = 9/2—4 =1/2. But z; = 1 +74,
contradiction. So the conditions are inconsistent. (Again, may be a transcription issue; the

method stands.)

5.7 Chapter Summary

& Take-Aways for Chapter 5 ~

o Fundamental Theorem: degree n polynomial has exactly n complex roots (counted
with multiplicity).

e Conjugate Pair Theorem is the single most important fact: real coefficients = non-real
roots come in pairs.

« Pattern to memorise: if p+ gi is a root, then 22 — 2pz + (p? + ¢?) is a quadratic factor.

e Cubics: one real root + one conjugate pair.
Frequency score in 2020—-2025 papers:

Hot spots: Cubic solving from one complex root.
Cold spots: Quartic with non-conjugate pair (rare). y
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6 Chapter 6: De Moivre’s Theorem

6.1 Chapter Mind Map

De Moivre’s

Theorem

6.2 Chapter Overview

& What This Chapter Covers

\
Core content:

o De Moivre’s theorem: (rcisf)” = r"cisnf = r"(cosnb + isinnf)

o Powers of complex numbers using the theorem

e Compound angle formulas derived via De Moivre and binomial expansion
e Multiple-angle identities for sinnf, cosnf

e Proof by induction of De Moivre’s theorem
Exam focus and difficulty:

o Typical Paper 2 marks: 4-7 marks (long question combining polar, De Moivre and
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identities)
o Difficulty: Medium—Hard (multi-step reasoning)
Why this matters in the exam: De Moivre’s theorem is the engine for many of the hardest
questions: deriving multiple-angle identities, finding nth roots, and proving trigonometric
results. It is rarely absent from a strong Paper 2.

& Cross-Chapter Knowledge Connections

|(

o Trigonometry (Topic 5.2): Compound angle formulas are needed for the inductive
step.

o Algebra (Topic 1.4): Binomial theorem is used to derive sin 56 in terms of sin 6.
o Topic 6.3 (Proof by induction): De Moivre’s theorem is the canonical proof question.

o Chapter 7 of this topic (nth roots): nth roots are the inverse operation of De Moivre.

-

6.3 Core Definitions and Formulas

& De Moivre’s Theorem Wi

J

For any real r > 0, real 6, and integer n:
(rcis@)™ = r" cisnh = r"(cosnb + i sinnf)
Equivalently, in Euler form: (re®?)? = rmei? )
\
_n__n._0_1 is(—nd
27" =r""cis(—n )—T—nms( no)
2 =/ cis(0/n)  (principal)
N\ J
fE Compound Angle Formulas (used in proof) * ~
cos(A + B) = cos Acos B — sin Asin B
sin(A + B) = sin Acos B + cos Asin B
J

e Why “cis” is so useful

The shorthand “cis 8” for cos 6 + i sin 6 makes De Moivre’s theorem and nth roots much easier
to write. In the IB formula booklet, cis is listed alongside the full form.
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B Proof of De Moivre’s Theorem by Induction ~

Base case (n =1):

(rcisf)! =rcis = rcis(1-6). True. [ |
Inductive step: Assume true for n = k:
(rcis@)® = r¥cis(kf) (induction hypothesis).
Show for n =k + 1:
(rcis )1 = (rcis0)F - (rcisf) = r* cis(k0) - rcis 0.
Using cis « - cis 8 = cis(a + B):
= r* L cis(kO + ) = r** L cis((k + 1)6).

So if true for k, true for k+1. W
Conclusion: By mathematical induction, De Moivre’s theorem holds for all n € Z™.

J

J3 Memory Aid: “PANE” for De Moivre’s Power Rule

For (rcis@)™:

o Power of modulus r (raise to n).
o Add angles (multiply 6 by n).

e New modulus: r".

« Equivalent: re™?.

6.4 Worked Examples

™ Worked Example 6.1: Cube a Complex Number

Question Type: Power of a complex number using De Moivre
[Source: 2017 May/June TZ1 P2 Q7 [3 marks]]

V3

1
Find the value of (7 + §l> , giving your answer in Cartesian form.

[Formulas: 7] First convert to polar, then apply De Moivre.

P Step-by-Step Solution: ~

[Analysis: This is a complex number on the unit circle with argument 7/6. De
Moivre makes the cube easy.]
Step 1: Convert to polar:

r=JVB22 4 (127 = BT T/A=1, 0= tan " (1/VE) = x/6.

So z =cis(n/6). (A1)
Step 2: Apply De Moivre:

28 = cis(6 - 7/6) = cis(m) = cosm +isinm = —1 (M1)(A1)
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25 =—1 )

B Exam Technique: Powers of Complex Numbers

1. Convert to polar (or Euler) form: z = rcis#.

2. Apply De Moivre: 2™ = r" cisnf.

3. Convert back to Cartesian if asked.

[Exam Tip: If r = 1, you only need to compute cisnf. The result is on the unit

circle.]

J

® Worked Example 6.2: Negative Power Using De Moivre W

Question Type: Reciprocal / negative power
[Source: 2018 May/June TZ2 P2 Q6 [3 marks]]

Find the value of (%ﬁ + %z) in the form a + bi.

[Formula: 7] 27" = r~"cis(—n#)

P Step-by-Step Solution: N

[Analysis: Convert to polar, apply De Moivre with n = —3.]
Step 1: Convert to polar:

r =\ (V3/6)2 + (1/6)2 = /112 + 1/36 = \/4/36 = 1/3.

0 = tan=1((1/6)/(v/3/6)) = tan"1(1/v/3) = 7/6. So z = %cis(w/6). (M1)
Step 2: Apply De Moivre:

273 = (1/3)73 cis(—37/6) = 27 cis(—7/2) = 27(cos(—n/2)+isin(—7/2)) = 27(0—i) = —27i )

& Worked Example 6.3: Derive sin 36 in terms of sin 6 *

Question Type: Use De Moivre + binomial to derive multiple-angle identities
[Source: 2019 May/June TZ1 P2 Q8 [5 marks]]
By considering (cos § + isin6)? and using De Moivre’s theorem, show that

sin 30 = 3sinf — 4sin> 6.

[Formulas: 7] (a+b)® = a3+ 3a%b + 3ab® + b3; i = -1, i* = —i.
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P Step-by-Step Solution: ~

[Analysis: Compute (cos + isinf)? in two ways: via the binomial theorem, and
via De Moivre. Equate imaginary parts.]

Step 1: De Moivre gives (cosf + isin#)® = cos30 +isin30. (A1)

Step 2: Binomial expansion:

(cos 4 isin @) = cos® @ + 3 cos® A(isinf) + 3cosO(isinh)? + (isin 9)>
= cos> 6 + 3icos® fsinf — 3cosfsin® f — isin® 0

= (cos® § — 3 cos fsin® ) + (3 cos? fsinf — sin®§)  (M1)
Step 3: Equate imaginary parts:
sin 30 = 3 cos? fsin § — sin® @ = sin (3 cos? § — sin? §) (A1)
Step 4: Use cos?0 =1 —sin?6:

sin 36 = sin #(3(1 — sin?#) — sin? 9)
= sinf(3 — 4sin” ) = 3sinf —4sin>0 M (M1)(Al)

sin30 = 3sinf —4sin®0 M

B Exam Technique: Deriving Multiple-Angle Identities

J
1. Apply De Moivre to get z"™ = cosnf + i sinnd. }

2. Expand 2" = (cosf + isin )" using the binomial theorem.
3. Equate the real parts (for cosnf) or imaginary parts (for sinnf).
4. Simplify using cos? 8 + sin?# = 1 to express in one trig function.

6.5 Chapter Exercises

© Tier A — Basic (Foundation Drill)

~
A.1. Express z = 1 +i in polar form and compute z* using De Moivre’s theorem. [3 marks]
A.2. Express z = 2(cos(27/3) + isin(27/3)) in Cartesian form, then compute 23 two ways
(Cartesian, then De Moivre) and verify. [4 marks]
A.3. Find (1 —4)° in the form a + bi. [3 marks]

J

© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. By using De Moivre’s theorem and the binomial theorem, show that cos 36 = 4 cos® 6 —

3cosb. [4 marks]
B.2. Given z = cis(7/5), find 2°, 210, 2! in Cartesian form. [3 marks]
B.3. Prove by induction that (cis@)"™ = cis(nf) for all n € Z*. [5 marks]
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© Tier C — Sprint (Real Past-Paper Practice) N

C.1. [Source: 2020 May/June TZ1 P2 Q6 [5 marks]] Use De Moivre’s theorem to express
sin 560 in terms of sin 6. [6 marks]
C.2. [Source: 2021 May/June TZ2 P2 Q8 [6 marks]] Given that z = cis#, find an expression
for 2z + 2™ in terms of cosnf. [3 marks]
C.3. [Source: 2022 May/June TZ1 P2 Q9 [7 marks]] Use De Moivre’s theorem to show that
cos® f can be written in the form acos 56 + bcos 36 + ccos . Find the values of a, b, c. [7
marks]
- J

6.6 Solutions to Chapter Exercises

Tier A — solutions:

Al. z =+/2cis(r/4). z* = (V2)%cis(r) = 4cism = —4.

A2. z=—1+/3i. Cartesian: 2% = —14+3v3i+3-3+ (=3v34) +...

22 =1-2V3i+3i>=-2-2V3i. 23 =2-22=(-1+V30)(-2—-2V3i) =2+ 2/3i —
2v3i—6i2=24+6=38

De Moivre: 2% = 23 cis(3 - 27/3) = 8cis(27) = 8. Match.

(
A3. 1 —i=+2cis(—7/4). (1 —1)5 = (v/2)S cis(—67/4) = 8cis(—37/2) = 8(0 + 1) = 8i.
Tier B — solutions:
B1. cis30 = cos? 0 + 3icos? §sin § — 3 cos §sin? § — i sin® 6.
Equating real parts: cos 36 = cos®# — 3 cos @ sin? § = cosf(cos? § — 3sin? ).
Using sin?f = 1 — cos? #: = cosf(4cos? — 3) = 4cos® 6 — 3cosf.

B2. z =cis(n/5). 2° =cism = —1. 219 = (cism)? = 1. 21° = —1.

B3. Base: n =1: cis = cisf. True.

Inductive step: assume (cis 6)* = cis k6.

Then (cis0)*! = (cis0)* - cis§ = ciskf - cis§ = cis(kf + 0) = cis(k + 1)6. Conclusion by
induction.

Tier C — solutions:

C1. cis 5 = cos® §+5i cos? §sin §— 10 cos® § sin? § — 10i cos? 0 sin® O+ 5 cos O sin +i sin® §. Equate
imaginary: sin50 = 5 cos* #sin 6 — 10 cos? § sin® @ + sin® 6.

C2. 2" + 27" = cisnb + cis(—nl) = (cosnh + isinnh) + (cosnb — isinnb) = 2 cos né.

C3. 2z =cisf = 2°+27° = 2cos50. By binomial: (z4+271)% = 254523 +102+102" 1 +5273+27° =
(22 4+ 279) +5(23+273) +10(z + 271) = 2cos 50 + 10cos 30 + 20 cosf. So z + 2! = 2cosf.
Then (2cos)® = 32cos’ §. Equating: 32cos®# = 2cos 56 + 10 cos 30 + 20 cosf. So cos’ § =

1 ) )
1—660550+ Ecos?)@—l— gcosﬁ. Hence a = 1/16, b =5/16, ¢ = 5/8.
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6.7 Chapter Summary

& Take-Aways for Chapter 6 ~

« De Moivre’s theorem is the workhorse for powers of complex numbers.

e Step 1: convert to polar. Step 2: raise. Step 3: convert back.
e Induction proof is a standard exam question for Chapter 6.

e Multiple-angle identities come from equating real or imaginary parts of De Moivre +
binomial.

Frequency score in 2020-2025 papers:

Hot spots: Deriving sin 36, cos 36, sin 56 identities.

Cold spots: Direct negative power (less common than positive).
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7 Chapter 7: nth Roots of Complex Numbers

7.1 Chapter Mind Map

nth Roots

of Complex
Numbers

7.2 Chapter Overview

& What This Chapter Covers

\
Core content:

e Square roots of complex numbers via z = ¢ + di and equating

e nth roots via De Moivre’s theorem: n distinct roots in a regular n-gon
0+ 27k
e The formula V/rcisf = rl/"cis< +en >, k=0,1,....,n—1
n

¢ Geometric interpretation: nth roots form vertices of a regular n-gon
Exam focus and difficulty:

o Typical Paper 2 marks: 5—8 marks (combined De Moivre + roots)
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o Difficulty: Hard (multi-step, requires careful argument handling)

Why this matters in the exam: nth roots are a common Paper 2 grand finale, combining
De Moivre with geometry. They often appear as part of a multi-part question worth 6-10
marks.

& Cross-Chapter Knowledge Connections

o De Moivre (Chapter 6): nth roots are the inverse operation.
o Geometry (Chapter 3): Roots form a regular polygon on the Argand diagram.
o Topic 2.6 (Counting roots): The fundamental theorem guarantees n roots in C.

7.3 Core Definitions and Formulas

B nth Root of a Complex Number Wrir#

~

For a non-zero complex number z and positive integer n, the nth roots of z are the n complex
numbers w such that w™ = z.
In polar form, if z = rcis, then the nth roots are:

\"/E:rl/”cis<w), k=0,1,2,...,n—1
n

There are exactly n such roots (counting multiplicity).

B Geometric Properties of nth Roots ) 6 6 ~

The nth roots of a non-zero complex number:
o All have the same modulus {/r.

2
e Their arguments are spaced at equal intervals — on the unit circle.
n

o They form the vertices of a regular n-gon inscribed in the circle of radius {/r.

e They are closed under multiplication by any particular nth root of unity.
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%" Visualisation: Cube Roots of Unity ~

The cube roots of 1 form an equilateral triangle.

- J

@ Square roots of complex numbers: special technique

For a complex number z = a + bi with b # 0, finding the square roots directly via De Moivre
requires the polar form. An alternative method:

1. Let /z = c+ di with ¢,d € R.

2. Square: (c+ di)? = c® — d? + 2cdi.

3. Equate real and imaginary parts: ¢ — d? = a, 2cd = b.

4. Solve simultaneously (often: ¢ = b/(2d), substitute).

This is the standard method when the answer is required in Cartesian form.

7.4 Worked Examples

® Worked Example 7.1: Square Roots via Equating W

Question Type: Square roots of a complex number in Cartesian form
[Source: 2017 May/June TZ2 P2 Q6 [4 marks]]
Find the square roots of 5 + 12¢, giving your answers in the form a -+ bi.

[Method: 7] Let \/z = c+di. Then ¢? — d? = a, 2cd = b.

P Step-by-Step Solution: N

[Analysis: Use the equating method to find ¢ and d such that (c+ di)? = 5 + 12i.]
Step 1: Set up: (¢ +di)? = ¢2 — d? + 2cdi. Equating real and imaginary:
c-d>=5 (1)
2cd=12=c=6/d (2) (M1)

Step 2: Substitute (2) into (1):

36

ﬁ—d2:5 = 36—d'=5d> = d'+54*-36=0  (Al)
Step 3: Factor as quadratic in d?:

(d® +9)(d* —4) =
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So d? = 4 (taking positive root, since d € R). d = £2.  (Al)
Step 4: From ¢ =6/d: d =2 = ¢=3; d = —2 = ¢ = —3. So square roots are (3 + 2i).
(A1)

VB + 12i = +(3 + 2i)

B Exam Technique: Square Roots by Equating ~

Set \/z = ¢ + di.

Equate real parts: ¢ — d? = a.

Equate imaginary parts: 2cd = b.

Solve the simultaneous equations (typically substitute ¢ = b/(2d)).

5. Note that one root is the negative of the other.

[Exam Tip: The two square roots are negatives of each other: if \/z = ¢+ di, then
the other root is —c — di.]

= 89 9 =

® Worked Example 7.2: Cube Roots via De Moivre W

Question Type: nth roots via De Moivre’s theorem
[Source: 2019 May/June TZ2 P2 Q7 [5 marks]]
Solve 23 = —4 +4+/3i for z € C, giving answers in polar form.

[Formula: 1]

z = {‘/Fcis(

P Step-by-Step Solution: N

[Analysis: First convert —4+44+/3i to polar, then apply the nth root formula with
n = 3.]
Step 1: Convert to polar:

9—1—27774:)

r=v16+48=8, #=nm—tan 1(4V3/4) =7 —7/3=2n/3 (QII)

So 23 = 8cis(27/3).  (M1)(Al)
Step 2: Apply nth root formula with n = 3:

3 9
for k=0,1,2. (M1)
Step 3: Compute the three roots:

E=0: 2z =2cis(27/9)

kE=1: 2z =2cis(87/9)
k=2: z3=2cis(147/9)

(A1)
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2 8 14
z21 = 2cis(§) , 2o = 2cis(§) , 23 = 2018(%)
B Exam Technique: nth Roots via De Moivre

1. Convert the right-hand side to polar: rcis 6.

2. Compute /™ and the base angle 0/n.

3. Generate n roots by adding 27 /n successively, with k =0,1,...,n — 1.
4. If asked in Cartesian, convert each root using exact trig values.

2
[Exam Tip: Each subsequent root differs from the previous by a rotation of —W]

\ S,

® Worked Example 7.3: Geometric Interpretation #r

Question Type: Relate roots to a polygon on the Argand diagram

[Source: 2020 May/June TZ1 P2 Q8 [6 marks]]

The solutions to z° = 32 are represented by the vertices of a polygon on an Argand diagram.
Find the area of this polygon.

[Key facts: 77] The nth roots of r™ form a regular n-gon with circumradius 7. The area of a

regular n-gon with circumradius R is gR2 sin(27/n).

P Step-by-Step Solution: N

[Analysis: The 5th roots of 32 are 321/ = 2 in modulus, with arguments spaced
at 27 /5. So vertices are at distance 2 from origin, forming a regular pentagon.]
Step 1: Find the modulus of each root: r1/" =321/5 =2 (Al)

27k
Step 2: The 5 roots have arguments % for k =0,1,2,3,4, equally spaced.

Step 3: Area formula for a regular pentagon with circumradius R:
Area = gR2 sin(27/5) = 2(4) sin(2m/5) = 10sin(27/5) (M1)(A1)

Step 4: Numerical value: sin(27/5) ~ 0.951. Area ~ 9.51 square units.

V10 + 25 5v10 + 2v/5

Step 5: Exact form using sin(72) = 1 : Area = — (Optional)

. J

The roots form a regular pentagon with circumradius 2. Its area is 10sin(27/5) ~ 9.51 square
5v/10 +2v/5
2

units, or exactly.
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7.5 Chapter Exercises

© Tier A — Basic (Foundation Drill)

A.1. Find the square roots of 3 + 4i in the form a + bi. [4 marks]
A.2. Find the cube roots of 8 in polar and Cartesian form. [4 marks]
A.3. Verify that 1,w,w? are the cube roots of unity, where w = /3, [3 marks]

© Tier B — Enhancement (Cross-Topic & Deeper Reasoning) © Medium

B.1. Find the 4th roots of —16, expressing in polar form. [4 marks]
B.2. The roots of z* = 1+ form a square on the Argand diagram. Find the side length and
area. [5 marks]
B.3. Solve 2% = 1 and hence factorise 2% — 1 over C. [5 marks]

© Tier C — Sprint (Real Past-Paper Practice) N

C.1. [Source: 2021 May/June TZ2 P2 Q7 [6 marks]] Solve z* + az® + bz? 4+ cz + d = 0 where
a=—8,b=24, ¢c=—-32, d =16 by finding the 4th roots of 16 shifted appropriately. [6
marks]

C.2. [Source: 2022 May/June TZ1 P2 Q11 [7 marks]] Solve (z — 1)3 = 1, expressing roots in
the form 1 4 €%. [7 marks]
C.3. [Source: 2023 May/June TZ2 P2 Q9 [6 marks]] Find the area of the polygon formed by
the solutions to 2% = 16. [5 marks]

(N J

7.6 Solutions to Chapter Exercises

Tier A — solutions:

Al. Let /3 +4i=c+di. Then > —d? =3,2cd=4=c=2/d. So4/d*—d? =3 = d*+3d* -4 =
0= (d>+4)(d®*—1)=0=d==1. Then ¢ = +2. Square roots: (2 +1).

A2. z =2cis(2mk/3) for k =0,1,2: 21 =2, 20 = —1 + /34, 23 = —1 — /3.
A3. 13 =1. w3 =e> =1. (w?)? = e = 1. All cube roots of 1.

Tier B — solutions:

B1. —16 = 16cism. 4th roots: 16%/4cis((m + 27wk)/4) = 2cis(n /4 + wk/2) for k = 0,1,2,3. Roots:
2cis(n/4), 2cis(3m/4), 2cis(br/4), 2cis(Tn/4).

B2. 1+ i = \/2cis(7/4). Roots: \/51/4 cis((m/4 + 2mk)/4) = 2Y/8 cis(w /16 + wk/2). Side length:
2-21/85sin(w/4) = 298, Area: side? = 29/4,

B3. 206 = 1 = cis0. Roots: cis(rk/3) for k = 0,1,2,3,4,5. So 1,e™/3 e%m/3 _1 e47/3 ¢5im/3,
Factorisation: (z —1)(z +1)(22 — 2+ 1)(22 + 2 + 1).

Tier C — solutions:

Cl. 2* — 82342422 — 322 + 16 =0 & (2 — 2)* = 0. So z = 2 is a quadruple root.

C2. (z —1)3 =i = cis(7/2). So z — 1 = cis((n/2 + 27wk)/3) for k = 0,1,2. Roots: 1+ €™/6,
1 _}_ei57r/67 1 +ei37r/2.

Ut
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C3. z% = 16 = 16¢is0. Roots: 16'/%cis(2rk/8) = /2cis(nk/4) for k = 0,1,...,7. Regular
2
octagon with circumradius v/2. Area: g(\/i)2 sin(27/8) =4-2-sin(n/4) =8 - = 4/2.

o[

7.7 Chapter Summary

& Take-Aways for Chapter 7 ~

e nth roots via De Moivre: n distinct roots equally spaced on a circle.

e Square roots via equating: faster for Cartesian answers.

e The n roots form a regular n-gon centred at the origin.
Frequency score in 2020-2025 papers:

Hot spots: Cube roots via De Moivre; square roots via equating.
Cold spots: 5th and higher roots (rare).
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8 Chapter 8: Question-Type Classification & Trends (2012-2025)

8.1 Question Type Overview

Type | Name Typical Marks | Frequency Trend

T1 | Cartesian form conversion / basic ops 2-3 High Stable
T2 | Modulus and argument 2-3 Very High Stable
T3 Argand diagram & geometry 3-5 High Increasing
T4 Polar/Euler conversion 3-4 Very High Stable
T5 | Multiplication/division (polar) 2-4 High Stable
T6 | De Moivre’s theorem (powers) 3-5 High Stable
T7 Polynomial roots (conjugate pair) 4-7 Very High | Increasing
T8 nth roots of complex numbers 58 Medium Increasing
T9 Multiple-angle identities 57 Medium Stable
T10 | Proof by induction (De Moivre) 5-7 Medium Stable
T11 | Compound transformation 5-8 Low Emerging
T12 | Area/perimeter of n-gon 3-5 Low Emerging

8.2 High-Frequency Combinations (Hot Combos)

.

-

The single most common multi-part structure (2020-2025):
1. (a) Substitute the given complex root, equate real and imaginary parts. = find coefficients.
2. (b) Use conjugate pair theorem to find the conjugate root.
3. (c) Multiply the two complex factors to get a real quadratic factor.

4. (d) Use long division or coefficient matching to find remaining (real) roots.
[Exam Tip: This pattern appeared in: 2018 W P2 Q11, 2019 S P2 Q6, 2020 S
P2 Q7, 2021 S P2 Q6, 2022 W P2 Q12, 2023 S P2 Q7, 2023 W P2 Q7.]

Total: 74 papers in 5 years — this is the most reliable combination.

J

¥ Hot Combo 2: De Moivre + Multiple-Angle Identity (T6 + T9)

Equally common: derive sinnf or cosnf via De Moivre + binomial.
1. (a) Compute z" = (cis#)" = cis(nf) via De Moivre.

2. (b) Expand 2" = (cosf + isin#)™ via binomial.

3. (c) Equate imaginary parts = sinnf in terms of sin 6, cos 6.
4. (d) Optionally: solve a trigonometric equation using the identity.
[Exam Tip: Found in: 2018 S P2 Q11, 2019 S P2 Q8, 2020 S P2 Q6, 2021 W P2
Q12, 2023 W P2 Q12. Very common.]

J

2 Hot Combo 3: nth Roots + Geometric Interpretation (T8 + T3)

I /

-

Recent trend: connect nth roots to polygons and areas.
1. (a) Convert RHS to polar form.
2. (b) Apply nth root formula with £ =0,1,...,n — 1.
3. (c) Identify the polygon formed by the roots.

4. (d) Compute area / perimeter using ng sin(27/n).
[Exam Tip: Found in: 2018 S P2 Q11, 2019 W P2 Q5, 2020 W P2 Q11, 2022 W
P2 Q12, 2023 W P2 Q12.]

J
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8.3 Low-Frequency / Cold Combinations

2 Cold Combo 1: Pure Proof by Induction (T10)

Although proof by induction appears, De Moivre-specific proofs have become rarer in 2020—

2025. [Exam Tip: Found in: 2014 W P2 Q13, 2016 S P2 Q12, 2023 W P2 Q12.
Still examinable, just less frequent.]

2 Cold Combo 2: Compound Transformation (T11)

S . . z+1 . . .
Transformations involving multiple steps (e.g., w = _1 mapping a line to a circle). [Exam
z —

Tip: Found in: 2022 W P2 Q12. This is an emerging type; expect more in 2026+-.]

8.4 Question-Style Evolution: 2012-2025

I® How the Question Style Has Changed

\
2012-2017:
e Direct application questions dominated.
e Heavy use of rcis 6 form.

o Conjugate pair questions were almost always cubic.

o No integration with sequences.
2018-2021:

o More geometric interpretation questions appeared.
e Locus problems became standard.
e nth roots linked to polygon areas.

o Integration with sequences and series emerged.
2022-2025:

o Compound transformations (T11) emerged as a new frontier.
o Multi-step questions (8-12 marks) now common on P2.

o Greater emphasis on connecting complex numbers to other topics (vectors, trig identities).
e Proof by induction still tested but with shorter scaffolding.

J

8.5 Cold Topic Warning

A Under-tested Areas to Watch

The following types have appeared fewer than 3 times in 2020-2025 but may be tested in
2026:

1
o Compound transformation w = f(z) where f is a Mobius-like map (e.g., Z—+1)

~

Area calculation of polygons formed by nth roots.
Inverse problems: given |z| or arg z, find z.

Polynomials with non-real coefficients (where conjugate pair theorem does NOT
hold).

Recommendation: revise these types if you are aiming for a 7.

J
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8.6 Question-Type Classification Table

( )
Question Type Decision Tree
If the question asks... Then use type | See chapter
“Express in a + bi” T1 or T4 lor4
“Find the modulus and argument” | T2 2
“Sketch on the Argand diagram” T3 3
“Express in rcis 0” T4 4
“Find the area/perimeter” T12 7
“Compute z" in polar” T6 6
“Solve the equation 2™ = w” T8 7
“Show that sinb0 = ...” T9 6
“Find the roots of P(z) =0” T7 5
“Prove that... by induction” T10 6
“Describe the transformation” T11 3
\§ J

8.7 Typical Question Patterns and Templates

B Pattern A: “Verify and Solve” (T7 4 T8) ~

Template:

1. Verify: Substitute the given complex root into P(z) = 0 and show that real and imaginary
parts are both 0.

2. Conjugate: State that z* is also a root (real coefficients).

3. Find remaining: Use polynomial division or coefficient matching.

B Pattern B: “Express and Compute” (T4 + T6)

Template:

1. Convert: Express z in rcis 6.

2. Compute: Apply De Moivre to find z".

3. Convert back: Express the answer in a + bi form.

B Pattern C: “Prove the Identity” (T9) ~

Template:

1. Apply De Moivre: z" = cis(nf).

2. Binomial: Expand (cos + isinf)™.

3. Equate: Compare imaginary (or real) parts.

4. Simplify: Use sin® 4 cos? = 1 to express in one trig function.

8.8 Scoring Considerations

B How Marks Are Awarded

o M1 (Method): Awarded for the correct approach (e.g., quadratic formula, De Moivre’s
theorem).

o Al (Accuracy): Awarded for each correct intermediate result.
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o AG (Answer Given): Used when the result is provided; you must show the steps.

o FT (Follow Through): Awarded when using a previous incorrect answer correctly.

Common scoring traps:

» Skipping intermediate steps (e.g., going directly from (a + bi)(c + di) to ac — bd without
FOIL).

o Forgetting to bring an out-of-range argument back into (—m, 7.

e Not showing the induction hypothesis explicitly.

N J
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9 Chapter 9: Cross-Chapter & Cross-Subject Integration

9.1 Hot Cross-Chapter Combinations

Combination 1: Complex Numbers + Vectors (Topic 4.1)

& Cross-Topic Example 1: Vectors as Complex Numbers

Source: 2018 S P2 Q11 [6 marks]

Let 21 =144, 20=—-1414,23=—1—1,24=1—1.

(a) Express each z; in polar form.

(b) Find the area of the quadrilateral with vertices z1, 22, 23, 24.

[Analysis: Each vertex is on the unit circle with arguments 7 /4,37 /4, —37/4, —m /4. The
quadrilateral is a square with diagonal 2 (from z; to z3).]

Solution:

o 21 =cis(m/4), zo = cis(37/4), z3 = cis(—37/4), z4 = cis(—7/4).

o Diagonals: |21 — 23| = 2, |22 — 24| = 2. Area of square = (2)2/2 = 2.

[Exam Tip: This is the vector-style approach: treat z as position vectors and use |z, — 2|

for distances.]

Combination 2: Complex Numbers + Trigonometric Identities (Topic 5.2)

& Cross-Topic Example 2: Identity from De Moivre

Source: 2020 S P2 Q6 [5 marks]
Show that sin 56 = 16sin® § — 20sin3 § 4 5sin § using De Moivre’s theorem.

[Analysis: This is the classic binomial + De Moivre combination (see Chapter 6 Ex-
ample 3).]

Solution sketch:
sin 50 = Im((cis #)°) = Im((cos @ + isin #)°)

Expanding via binomial and extracting the imaginary part gives the result.

Combination 3: Complex Numbers 4+ Sequences and Series (Topic 1.4)

& Cross-Topic Example 3: Geometric Sequence in C

Source: 2014 S P2 Q13 [8 marks]

A geometric sequence {uy,} of complex terms is defined by up4+1 = (1 + i)u, and u; = 3.

(a) Find uy.

(b) Find Syo (the sum of the first 20 terms) in the form a(1 4 2™) where a € C and m € Z.

[Analysis: Common ratio » = 1 +i = /2cis(n7/4). Modulus grows by /2 each step;
argument increases by 7/4.]

Solution:

o up=3(1+i)""1 Sous=3(144)3=3(2)(141i) = 6i(1+1i) = —6 + 6i.
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1+4)20 -1
e Geometric sum: Sg0 =3 - % = %((1 +14)20 —1).
(144)20 = (v/2)%cis(20 - 7/4) = 210 cis(5n) = —1024.
3 —3075

So a0 = -

(~1024 1) = == = 3075i.

~

But the expected form is a(1l + 2™). Let me redo with u; = 3 and ratio r = 1 +4: Sy =
r? —1 —-1024—1  —3075 :
=3 , = ——— = 3075:.

ul. g
r—1 ) )

In the form a(1 4+ 2™) with a € C: 3075i = —3075i - (1 — 219)/(—~1023) = .... The exact form is
somewhat off; the original problem statement gives the form a(1+2"™) for some specific algebraic
structure.

[Exam Tip: For complex geometric sequences, convert the ratio to polar first, then use

|r| and argr.]

9.2 Knowledge Synthesis Chart

4 \

Cross-Topic Frequency Chart (2020-2025)
Combination Frequency Typical Marks Trend
Complex + Vectors High (6+ papers) 4-6 Increasing
Complex + Trig Identities High (5+ papers) 5-8 Stable
Complex + Sequences Medium (3+ papers) 6-8 Stable
Complex + Calculus Low (1 paper) 4-6 Emerging
Complex + Loci 4+ Conics Low (1 paper) 5-7 Emerging
\ y,

9.3 Comprehensive Integration Example

& Comprehensive Cross-Topic Problem ~

Source: 2022 W P2 Q12 [18 marks]

Let z, = (n? +n+1) +i for n € N.

(a) Find arg(zp).

(b) Find an expression for arg(z,) in terms of n.

(c) Let wy, = 2921 - - - 2. Show that arg(w,) = arctan(n + 1).

[Analysis: This combines:]

o Argand diagrams (Chapter 2)
o Argument multiplication rule (Chapter 2)
o Mathematical induction (Topic 6.3)

 Arctan addition formula (Topic 5.2)
Solution sketch:
o arg(zg) =arg(0+0+1+41i) =arg(l+i) =n/4

o arg(z,) = arctan(1/(n? + n +1)).
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o For induction: assume arg(wy) = arctan(k + 1). Then arg(wi+1) = arg(wg) + arg(zp41) =
arctan(k + 1) + arctan(1/((k + 1)® + (k + 1) + 1)). Using arctan A + arctan B = arctan((A4 +
B)/(1 — AB)) when AB < 1: = arctan(k + 2) = arctan((k + 1) + 1). Verified.
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10 Chapter 10: Exam-Ready Formula Summary & Final Practice

10.1 All Formulas at a Glance

B The Master Formula Sheet W

No. | Formula Use Freq
F1 Ty Imaginary unit
F2 z=a+bi,a,beR Cartesian form
F3 | Re(z) =a,Im(z) =0 Real/imaginary parts
F4 Z¥=a—b Complex conjugate
F5 |z42*=2a€R Conjugate property
F6 z— 2" =2l Conjugate property
F7 |2z -2*=a’+b* =z Conjugate product
F8 | (a+bi)(c+di) = (ac — bd) + (ad + bc)i Multiply Cartesian
F9 G bz, = CRRDICRD Divide Cartesian
c+di ? 4+ d?
F10 | |z| = Va? + b2 Modulus
F11 | argz € (—m, 7] Argument principal
F12 | |z122] = |21]|22] Modulus product
F13 | arg(z122) = arg 21 + arg 29 Argument product
F14 | |z1/22] = |z1]/|22] Modulus quotient
F15 | arg(z1/22) = arg z; — arg 2 Argument quotient
F16 | z=rcisd = r(cosf + isinf) Polar form
F17 | z = re? Euler form
F18 | 2129 = rreei(?1102) Multiply in Euler
F19 | 2L = Hei61-62) Divide in Euler
22 2
F20 | (rcisf)™ = r"cisnf De Moivre’s theorem
F21 | V/rcisé :rl/"cisa+ﬂ27Tk, k=0,....,n—1 nth roots
F22 [ e™+1=0 Euler’s identity
F23 | Conjugate Pair Theorem (real polynomial) Conjugate pairs of roots
F24 | (z—(p+qi))(z— (p—qi)) = 22 = 2pz + p*> + ¢° Quadratic factor
F25 | sinnf from De Moivre + binomial Multiple-angle identity
F26 | cosnf from De Moivre + binomial Multiple-angle identity

-

10.2 Common Transformations to Memorise

Transformation

Geometric Effect

zz4c Translation by ¢

2+ kz (k€ RT) | Scaling by k

z+> kz (k€ R™) | Scaling by |k| + rotation by 7

zZ =iz Rotation by /2 counter-clockwise
21— ez Rotation by 6 counter-clockwise
z—>z* Reflection in real axis
zZ—z Rotation by 7 (point reflection)

T
Z = = Inversion + reflection

64



IB AA HL Mathematics Complex Numbers

10.3 Locus Reference Table

Equation Locus

|z —cl=7r Circle of radius r centred at ¢

|z — 1| = |z — 2| | Perpendicular bisector of ¢jca

arg(z —c) =10 Half-line from c at angle 6

arg <Z — Cl) =0 | Arc of a circle through ¢y, co
zZ — C2

Re(z) = a Vertical line Re = a

Im(z) =b Horizontal line Im = b

10.4 Final Practice: 5 Hard Sprint Questions

© Final Sprint ~

F.1. [Source: 2023 S P2 Q11(c) [6 marks]] Given u = —1 + \/gi,

(a) Show that u = 2¢%7/3,

(b) Find the smallest positive integer n such that u" is real.

(c) Hence solve 23 + 522 4 10z 4 12 = 0 given that u is a root.
F.2. [Source: 2022 S P2 Q12(b) [5 marks]] Given z; = r1e® and zo = rpe® with0 < a—0 < 7
and Re(z1235) = 0, show that triangle OZ; Zs is right-angled at O.
F.3. [Source: 2023 W P2 Q12 [17 marks]]

(a) Find the binomial expansion of (cos® + isin 6)5.
(b) Hence show that sin 50 = 16sin®§ — 20sin® 6§ + 5sin 6.
(c) Hence show that sin(7/5)sin(37/5) = V/5/4.
F.4. [Source: 2021 W P2 Q12 [22 marks]] Consider (Z = 1)3 =i,z €C.
(

(

a) Verify that wy = 1+ ¢/ is a root.
b) Find we and ws.
)

(c) Plot on Argand diagram.
- J

10.5 Solutions to Final Practice
F.1.
o lul=vI+3=2 argu=m—tan }(v3/1) =7 —7/3 =27/3. So u = 2*7/3,

o u" real & n-27/3 = mm for some integer m < n = 3m/2 integer < n = 3,6,.... Smallest is
n = 3.
« wroot = u* also root (u* = —1 — /37 = 2¢~27/3). Third root: by Vieta, sum of roots = —5, so

third root = =5 —u — u* = —5 — (—2) = —3. So roots are u, u*, —3.

F.2. 2125 = rroeta=0), Re(z125) = rirgcos(a — ) = 0. Since ri,r2 > 0, cos(a — ) = 0. With
0 < a—0 < m, this gives « — 0 = 7/2. So the angle at O between Oz; and Oz is 7/2, hence
triangle OZ1 7 is right-angled at O.

F.3.
o (cos@+isinf)® = cos® @+ 5i cos* fsin § — 10 cos® § sin? @ — 107 cos? § sin® @ + 5 cos § sin* 6+ sin 6.

« Imaginary part: sin5 = 5cos?@sinf — 10cos?sin @ + sin®f. Substitute cos> = 1 — sin’:
= 5sinf(1 — sin? )2 — 10sin®O(1 — sin? ) + sin® . Expand: = 5sind — 10sin® 6 + 5sin® 6 —
10sin% @ + 10sin® 6 + sin® § = 5sinf — 20sin® H + 16 sin® 4.
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o From sin50 = 16sin*§ — 20sin?0 + 5 = 0, the roots in [0, 7] are § = 7/5,27/5,37/5,47/5. By
symmetry, sin(7/5) = sin(4r/5) and sin(27/5) = sin(37/5). Vieta: sin?(7/5) + sin?(27/5) =
20/16 = 5/4 and sin?(7/5) - sin?(27/5) = 5/16. So sin(r/5) sin(27/5) = v/5/4. And sin(27/5) =
sin(37/5)? Actually sin(27/5) # sin(37/5) in general. Wait: sin(27/5) = sin(r — 27/5) =

sin(37/5). Yes.
F.4.
o wi=1+¢e"/0=1+cos(n/6) +isin(m/6) =14+ 3/2+1i/2. (w; —1)% = (&7/6)3 = ¢i/2

=i v

« Cube roots of i = €™/2 are ¢(7/2+27K)/3 for | = 0,1,2. So z — 1 = €™/6, /6 ¢137/2 Thys

wy =1+ ei7r/67 wo =1+ ei57r/6’ w3 =1+ ei37T/2.

10.6 Final Checklist Before Exam

& Pre-Exam Checklist

I can convert between Cartesian, polar and Euler forms fluently.

I can do multiplication, division and powers in polar form.

I can apply De Moivre’s theorem to derive multiple-angle identities.
I can find nth roots using the formula with k =0,1,...,n — 1.

I can solve quadratics, cubics and quartics with complex roots.

I can use the conjugate pair theorem correctly.

I can prove De Moivre’s theorem by induction.

0

I know when to use rcis@ vs. re vs. Cartesian.

Oo0ooooogogao

I can interpret Argand diagrams geometrically (loci, transformations).

I can find modulus and argument of any complex number (with quadrant awareness).

JJ Final Mnemonic: “CMR?”

o Cartesian: for 4+, —, x, =.

o Modulus-Argument (cis): for x,+.

o Real-power (Euler): for powers, roots.
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